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The objective of this paper is to extend, to a more general situation, results 
of ours proved previously [l, 21. Although some of these results are of a 
technical nature they do have an independent and intrinsic interest. However, 
our principal aim in making these extensions is to apply them to rings of 
operators on a Hilbert space. In fact, the need of these theorems arose in a 
study we were making of certain aspects of von Neumann algebras. 
In everything that follows R will be an associative ring. We say that R is 
semi’me if its only nilpotent ideal is (0). We say that R is 2-torsion-free if 
in it 2x = 0 implies x = 0. The symbol 2 will always denote the center of R. 
Given two elements a, b E R then [a, b] will be the element ab - ba. How- 
ever, given two subsets U, V of R then [U, V] will be the additive subgroup 
of R generated by all elements of the form uv - vu where u E U, v E V. In 
these terms, [R, R] is the additive subgroup generated by all ub - bu where 
a, b are arbitrary elements of R. The word ideal unadorned by adjectives 
will always mean a two-sided ideal. 
A well-known and easy theorem states: let R be a semiprime 2-torsion-JLee 
ring; suppose that t E R commutes with all tx - xt for x E R. Then t E Z 
(1319 P* 5). 
One of our first objectives is to generalize this result significantly. 
A Lie ideal, U, of R is an additive subgroup of R such that [U, R] C U. 
We begin the material of this paper with 
LEMMA 1. Let R be u semiprime, 2-torsion-free ring and let T be a Lie ideal 
of R. Suppose that [T, T] C Z; then T C Z. 
Proof. If [T, T] = (0) then, given t E T, tx - xt E T for any x E R so 
commutes with t. Hence, by the result cited in the introduction t E Z, that is, 
T C Z, the desired conclusion. 
* This work was written while the author was a Guggenheim Fellow and with the 
support of an ARO(D) grant at the University of Chicago. 
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Suppose then that we can find s, t E T so that 01 = st - ts # 0; by hypo- 
thesis a: E 2. For x E R let d(x) = xt - tx; thus d(s) = 0~. By hypothesis 
G(x) E 2 for all x E R. Let /3 = d2(x); then d2(sx) E 2. However, 
d2(sx) = d2(s) x + 24s) d(x) + sd2(x) = 24s) + /3s since d2(s) = 0, s being 
in T. In short, for any x E R, 24x) + ps E Z so commutes with s. This 
gives 244x) - d(x) s] = 0. Put x = st; d(st) = sd(t) + d(s) t = olt so 
0 = 2&t - 03s) = 2cqst - ts) = 2cx3. Since R is 2-torsion-free, a3 = 0. 
However, OL E 2 and is nilpotent; since R is semiprime we get the contra- 
diction a: = 0. In this way the lemma is proved. 
We go on to the considerably more difficult 
LEMMA 2. Let R be a semiprime, 2-torsion-free ring and let U be a Lie 
ideal of R. Suppose that t E R commutes with every element of [U, v]. Then t 
commutes with every element of U. 
Proof. For x E R let d(x) = xt - tx; by hypothesis d(u) = 0 for every 
u E [U, U]. Now [U, U] is a Lie ideal of R so, for T E R, ur - TU E [U, u] 
where u E [U, U]; thus d(ur - ru) = 0. Using d(u) = 0 we get 
z&(r) - d(r) u = 0, that is, 
ud(r) = d(r) u for u E [U, U], r E R. (1) 
In (1) let r = x 2, d(x2) = d(x) x + xd(x) so ud(x2) = d(x2) u yields, on 
using ud(x) = d(x) u, that d( x ) ( ux - xu) + (ux - xu) d(x) = 0. However, 
ux - xu E [U, U] so it commutes with d(x); the upshot of this is that 
u(x) (ux - xu) = 0 and so 
d(x) (UX - xz) = 0 for UE[U, U], XER. (2) 
In (2) replace x by x + v where v E [U, U]; since d(v) = 0 we get that 
d(x) (uv - vu) = 0 for all XER, u,v~[lJ, v]. (3) 
Let M = {r E R 1 d(x) r = 0 all x E R); clearly M is a right ideal of R. 
Moreover, given m E M, Y E R, x E R then 
0 = d(xr) m = [d(x) Y + xd(r)] m = d(x) rm, 
so rm E M, whence M is an ideal of R. By (3), [[U, U], [U, U]] C M. 
We claim that i? = RIM is semiprime and 2-torsion-free. If f E R and. 
2% = 0 then 2x E M where x E R maps on .% so d(y) (2x) = 0 for all y E R, 
hence, since R is 2-torsion-free, d(y) x = 0; that is, x E M so f = 0. 
Let fl be an ideal of i? with m2 = (0) and let N be the inverse image of m 
in R. N is an ideal of R and N2 C M. Thus, d(y) N2 = (0) for ally E R. But 
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then [d(y) N12 = d(y) Nd(y) NC d(y) iV2 = (0). Since d(y) N is a nilpotent 
right ideal in R, which is semiprime, we have d(y) N = (0), hence NC M. 
In short, w = (0). Our claim has been substantiated. 
- -. -- -- 
In R, U IS a Lie ideal and [[U, U], [U, U]] = (0) since [[U, v], [U, UJ] C M. -- 
By Lemma 1 we get [U, U] C Z, the center of R, hence, by Lemma 1 again, 
a C z. Thus [U, R] = (0) and so [U, R] C M. Thus, d(y) [U, R] = (0) 
for all y E R. 
Let MI = (x E R 1 x[U, R] = (0)); as above we easily get that MI is an 
ideal of R. If u E U then d(u) E MI since we saw that d(y) [U, R] = (0) 
for all y E R. But d(u) = ut - tu E [U, R], so d(u) is in MI and in its right 
annihilator, r(MI). But M, n r(Ml) is a nilpotent ideal of R, hence is (0). 
Consequently, d(u) = 0 for all u E U. This merely says that ut - tu = 0 
and so t does indeed commute with all elements of U. 
DEFINITION. IfACR, C(A)={x~R]xu=axforalla~A}. 
C(A) is called the centralizer of A; it is clearly a subring of R. In these 
terms our lemma reads: 
Let R be a semiprime, 2-torsion-free ring and let U be a Lie ideal of R. Then 
C(U) = cw, VI>. 
We pass to the first extension of the result quoted in the introduction. 
THEOREM 1. Let R be a semiprime, 2-torsion-free ring and let U be a Lie 
ideal of R. If t E R commutes with all tu - ut, u E U, then it commutes with all 
elements of U. 
Proof. For x E R, let d(x) = xt - tx; by hypothesis, d2(u) = 0 for u E U. 
If u, v E U then d2(u) = d2(v) = 0 and 
0 = d2(uv - vu) 
= d2(u) v + 2d(u) d(v) + ud2(v) - d2(v) u - Z(v) d(u) - vd2(u) 
= W(4 44 - 44 441, 
in consequence of which we get 
d(u) d(v) = d(v) d(u) for all u, v E u. (1) 
Suppose now that u, v E U are such that uv is also in U. Hence, 
0 = d2(uw) = da(u) v + 2d(u) d(n) + ud2(v) resulting in M(u) d(v) = 0, 
therefore in d(u) d(v) = 0. For any Y E R, u E U, the element v = ur - YU 
satisfies the criterion v, uv E U, hence, by the above 
d(u) d(ur - YU) = 0 for all UEU, YER. (2) 
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Let C(t) = {x E R 1 xt = tx>; since d2(u) = 0, (2) says that 
d[d(u) (ur - ru)] = 0, hence, 
d(u) (UT - YU) E C(t) for UEU, YER. (3) 
In (3) write r = tw, w E R; 
ur - ru = utw - twu = (ut - tu) w + t(uw - wu) = d(u) w + t(uw - WU). 
Since d(u) (UT - YU) E C(t) we get d(u)2 w + d(u) t(uw - wu) E C(t). But 
d(u) t = td(u) by hypothesis, so d(u) t(uw - wu) = td(u) (uw - wu) and is 
in C(t) since t is, as is d(u) (uw - WU) by (3). The net result of this is that 
d(u)2 w E C(t) for all w E R. Hence, 0 = td(u)” w - do wt = do (tw - wt) 
since do E C(t). In this replace w by wu; we get 
d(u)Z{(tw - wt) u + w(tu - ut)} = 0; 
and so do wd(u) = 0. Hence, do Ran = (0); this says that 
[do RI2 = (0). B ecause R is semiprime we end up with do R = (0) and so 
d(u)2 = 0 for all u E u. (4) 
Replace u by u + v in (4) where u, w E U; since, by (l), d(u) d(w) = d(w) d(u) 
we get 2d(u) d(s) = 0 and so 
d(u) d(w) = 0 for all u, a E u. (5) 
In other terms (5) says that z&(w) and d(u) w are in C(t) for all u, w E U. 
Let u = rd(w) w - wrd(w) w h ere v, w E U, r E R; since U is a Lie ideal 
of R, u E U. For any z E U, ud(z) E C(t); evaluating this using d(w) d(z) = 0 
we see that rd(w) wd(z) E C(t), that is, Rd(w) wd(z) C C(t) for w, w, z E U. 
Hence, d[Rd(w) wd(z)] = (0); using d2(v) = 0, d”(z) = 0, d(w) d(w) = 0 this 
yields d(R) d(w) wd(z) = (0). If x, y E R then 
0 = d(xy) d(w) wd(z) = d(x)yd(w) wd(z) + xd(y) d(w) wd(2); 
but d(y) d(w) wd(z) = 0 leaving us with d(x) Rd(o) wd(z) = (0). In particular, 
[Rd(w) wd(z)12 = (0) giving us d(w) wd(z) = 0 and so 
d(w) Ud(z) = (0) for all 0, z E u. (6) 
In particular, for w E U, s E R, d(w) Ud(ws - W) = (0). 
Now, by (5), d(u) (WY - YW) E C(t) for all I E R, u, w E U. Replace r by 
rs to get d(u) (wr - m) s + d(u) r(ws - m) E C(t). Apply d to this to get, using 
d2(u) = 0, d(u) d(wr - YW) = 0, that 
0 = d(u) (WY - rw) d(s) + d(u) d(r) (m - W) + d(u) rd(ets - m). 
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In particular, if r E U, using (5) and (6) this reduces to d(u) (VY - YW) d(s) = 0, 
that is, 
44 FJ, VJ 44 = (0). (7) 
Using the earlier trick, namely, of substituting xy for r we get 
d(u) [U, u] Rd(R) = (0) and so [d(U) [U, v] RI2 = (0). This implies that 
d(U) w, Ul = (0). 
Let M = {x E R 1 x[U, U] = (0)); M is an ideal of R and d(U) C M. 
Hence, d([U, UJ) C M. But d([U, U]) C [U, v]. Thus, d([U, UJ) is in M 
and its right annihilator; this intersection is a nilpotent ideal, hence, since R 
is semiprime, we get d([U, Uj) = (0). In other words, t commutes with all 
elements of [U, U]. By Lemma 2, t commutes with all elements of U. The 
theorem is now proved. 
DEFINITION. A higher commutator of R of weight R is defined by: 
(1) Ro = R of weight 1; 
(2) R1 = [R, R] of weight 2; 
and inductively by [U, V] where U is a higher commutator of R of weight p, 
V one of weight q, where p + q = n. 
Note that a given higher commutator of weight n is merely some particular 
bracketing, using [ 1, of nR’s. 
We reserve the notation R tk) for the derived series of R defined by 
R(O) = R, R(l) = [R, R] ,..., R(k) = [R(k-1’, R’k-1’1. 
We now give a strong sharpening of the result that if t commutes with all 
tx - xt, x E R then t E Z. But first 
LEMMA 3. A higher commutator of R contains R(l”) for some k. 
Proof. Let M be a higher commutator of R; then M = [MI , Md where 
MI , M2 are higher commutators of lower weight. By induction MI 1 Rtkl), 
M, r) Rtka) and so M = [MI , M2] 1 Rcaz) where 1 = max(k, , k,). 
This allows us to prove 
THEOREM 2. Let R be a semiprime, 2-torsion-free ring. Suppose that t E R 
commutes with all tx - xt where x is any element in somegiven higher commutator 
of R. Then teZ. 
Proof. Suppose that t commutes with all tx - xt where x E M, a higher 
commutator of R. Since any higher commutator is a Lie ideal of R, by 
Theorem 1, t centralizes M. By Lemma 3, MI R(“) so t centralizes 
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R(k) = [P-l), R(“-1’1. By Lemma 2, we conclude that t centralizes Ro-1). 
Repeating the argument we end up with t E 2. 
A particular case of the theorem in its own rights is of interest, namely; 
if R is a semiprime and 2-torsion-free ring and ;f t E R commutes with all 
tx - xt for all x E [R, R], then t E 2. 
We now go on to extend a result of which we have made several uses, 
namely: if R is a semiprime, 2-torsion free ring and if U is both a Lie ideal 
and subring of R then either UC Z or U contains a nonzero ideal of R. 
Our first such extension is the 
THEOREM 3. Let R be a semiprime, 2-torsion-free ring and W a subring of R. 
Suppose that U is a Lie ideal of R such that [W, U] C W. Then either 
[W, U] = (0) (that is, W centralizes U) or W contains a nonzero ideal of R. 
Proof. Suppose that [W, U] # (0); since U is a Lie ideal of R it is in U 
and, since by hypothesis it is in W, we have that [W, Uj C Wn U. 
Suppose s E W, t E U n W and b E U are such that tb E U. Then 
W 3 s(tb) - (tb) s = (st - ts) b + t(sb - bs). Since sb - bs E W and t E W, 
we have that t(sb - bs) E W, hence, we get (st - ts) b E W. 
Now if Y E R and t E U n W then 6 = tr - rt is in U and, moreover, 
tb = t(tr) - (tr) t is also in U. By the above we get: 
(1) (st - ts) (tr - rt) E W for all r E R, s E W, t E U n W. 
In (1) replace 7 by wy where w E W and y E R. We get 
(2) (st - ts) {(tw - wt) y + w(ty - yt)> E w. 
However, w(ty - yt) - (ty - yt) w E W since ty - yt E U and w E W; thus 
(st - ts) [w(ty - yt) - (ty - yt) w] E W. But by (I), (st - ts) (ty - yt) E W 
and since W is a subring, we also have (st - ts) (ty - yt) w E W. 
This, with the above, allows us to conclude that (st - ts) w(ty - yt) E W. 
But then (2) tells us that (st - ts) (tw - wt) y E W for all t E U n W, 
s,w~W,andy~R,thatis 
(st - ts) (tw - wt) R C W for S,WEW, tEUn W. (3) 
Since [U, w] C W, commuting (3) with U and using (2) gives 
U(st - ts) (tw - wt) R C W. Continuing in this manner, we end up with 
u(st - ts) (tw - wt) R C W for S,WEW, tEl.Jn W, (4) 
where 0 is the subring of R generated by U. 
Since [U, w] # (0), U q 2; by Lemma 1 we then have that [U, U] # (0). 
Let a, b E u be such that ab # ba. If x E R then, since [u, R] C ff, 
tf 3 a(bx) - (bx) a = (ab - ba) x + b( ax - xa). However, ux - xa E 0 as 
is b so b(ax - xa) E 0. In consequence we get 01 (ab - ba) R. Commuting 
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this with R we get R(ab - ba) R C u for all a, b E 8. Let 
OL = (it - ts) (tw - wt). The relation (4) then gives 
R(ab - ba) RolR C OolR C W. 
If the theorem were false then W would contain no nonzero ideal of R; 
hence, R(ab - ba) RarR = (0) and so (ab - ba) RcxR = (0) for all a, b E 0. 
Henceforth, suppose the theorem to be false. Let b = (Y E 8; then 
(aa - CUZ) RLXR = (0). But since am - aa E RaR and annihilates Rd? we 
have aar - ala E RorR n (right annihilator of RolR) = (0) since R has no 
nilpotent ideals. Therefore, sol = MZ for all a E a. But 01x - xor E u for all 
x E R, hence, (Y commutes with all 01x - xcx; this puts ar E 2. 
Since 01 E Z, orR = Rol is an ideal of R; by (3), adi C Wso we must conclude 
that olR = (0), that is, a! = 0. In other words, 
(st - ts) (tw - wt) = 0 for S,WEW, tEUf-7 w. 
In (5) replace w by w,w, w, , w E W; from 
(5) 
t(w,w) - (wxw) t = (tw, - w1t) w + w,(tw - wt) 
we get easily that (st - ts) W(tw - wt) = (0). 
Linearize (5) on t and put s = w = a, a E W, we get 
(at - ta) (at1 - &a) + (atI - &a) (at - ta) = 0 for t, tI E U n W, a E W. 
(6) 
Now if a E W, tl E U n W, then x = (at, - tla) r - r(at, - t,a) E U for 
any r E R so that W 3 x(at, - t,a) - (atI - tla) x = 2(at, - t,a) r(at, - tla) 
in view of (5). Hence, 2(at, - tla) R(at, - t,a) C W. Thus, 
2(st - ts) (at, - t,a) R(at, - tla) (wt - tw) C (st - ts) W(wt - tw) = (0) 
from which we get 
(st - ts) (at, - t,a) R(at, - tla) (wt - tw) = (0) (7) 
for all 
t,t,EUn w, a, s, w E W. 
Put s = a = w in (7); using (6) we get 
(at - ta) (at1 - tla) R(at - ta) (at1 - t,a) = (0), 
hence, [(at - ta) (at, - t,a) RI2 = (0). S ince R is semiprime, this last fact 
immediately implies that (at - ta) (at, - t,a) = 0 for a E W, t, tl E U n W. 
481/14/4-10 
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We linearize (at, - t,a) (at - ta) = 0 on a to get 
(at, - t,u) (bt - tb) + (bt, - t,b) (at - ta) = 0 
for 
a, b E W, t,t,eiJn w. 
Using this in (7) we obtain, with w = b, 
(st - ts) (at1 - t,u) R(bt, - t,b) (at - tu) = (0). (8) 
However, the linearized term of (5) is, where the linearization is on t, 
(St - ts) (t,w - wt1) + (St, - t,s) (tw - wt) = 0; 
thus (8) becomes, with b = s, w = u, 
(St - ts) (utl - t,u) R(st - ts) (atI - tlu) = (0). 
Since R has no nilpotent ideals we deduce from this that 
(St - ts) (at, - t,u) = 0 for U,SEW, t,t,eUn w. 
Let WI = [W, [U, IVj]. This last relation says, since [V, WJ C U n W, 
that 
(st - ts) W, = (0) for s E W, t fz IV, w]. (9) 
From our hypothesis and the definition of WI , we have that [U, WJ C WI . 
Commute (9) with U; using (9) and this last fact, we get (st - ti) VW, = (0). 
Continuing we get (st - ts) OW, = (0). If u, b E a, as before we have 
R(ub - bu) R C a, hence, (st - ts) R(ub - bu) RW, = (0). Let s, t both be 
in [U, WI; hence, they are both in D. Therefore, with a = s, b = t we get 
(st - ts) R(st - ts) R WI = (0), and since st - ts E W, 
(st - ts) R(st - ts) R(st - ts) = (0). 
Thus, [(st - ts) RI8 = (0); b ecause R is semiprime this gives st - ts = 0, in 
other words any two elements of [U, w] commute. Let t E [U, WJ; then for 
UE u, tu - ut E [U, w] SO t commutes with tu - ut. By Theorem 1, 
t commutes with u for all u E U. Let x E R; then tx - xt E U commutes 
with t. Therefore, t E 2. Hence, [U, w] C 2. But then, given w E W, 
uw - wu E Z for any u E U so commutes with IL. By Theorem I, w commutes 
with all u E U, that is, [U, w] = (0). H owever, this contradicts [U, w] # (0) 
and the theorem is proved. 
As an immediate corollary of this theorem we have 
THEOREM 4. Let R be u semiprim ring which is 2-torsion-free and let W 
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be a subring of R. Suppose that [W, T] C W fw some higher commutator, T, 
of R. Then either WC Z or W contains a nonzero ideal of R. 
Proof. Since T is a Lie ideal of R, according to Theorem 3 either W 
centralizes T or W contains a nonzero ideal of R. But if W centralizes T then 
WC Z by Theorem 2. This proves the theorem. 
We extend Lemma 1 to 
LEMMA 4. Let R be a semiprime, 2-torsion-free ring and let U be a Lie 
ideal of R. Suppose that A C U is an additive subgroup such that [U, A] C A 
and [A, A] C 2. Then [A, v] = (0). 
Proof. If [A, A] = (0) then, given a E A, u E U, since au - ua E A it 
commutes with a. By Theorem 1, a centralizes U so [A, U] = (0), as desired. 
Suppose then that there are a, b E A such that ab - ba = a # 0 E Z. 
For x E R, u = bx - xb E U. Let d(r) = ar - ra. By assumption, d2(v) E Z 
for all v E U. Now bu E U, hence, d2(bu) E Z; but since d”(b) = 0, d(b) = a, 
we get 20$(u) + bd2(u) E Z, so 20$(u) + rb E Z where y = d2(u) E Z. 
Therefore, commuting with b, we get 2a[b, d(u)] = 0. Now 
d(u) = d(bx - xb) = orx + bd(x) - x01 - d(x) b = bd(x) - d(x) b, so the 
above gives 
W, P, 4411 = 0 for all XER. 
In (I) put x = ay; then d(x) = d(ay) = ad(y), so 
lb, d(v)1 = Lb, 4~)l = - 4~) + 4h WI. 
Therefore, 
(1) 
0 = Wh P, d(cly)l) = 244 - 4~) + 46, d(r)]> 
= - 2fP, WI + 246 44 d(r)]) 
= - 2a*[b, WI - 246 d(y)1 + 246 [b, d(y)]). 
From (l), since (Y E Z, the last term is 0, so we get 4a2[b, d(y)] = 0 for all 
y E R, hence, 
aV, WI = 0 for PER. (2) 
In (2) replace y by ax. Then a2[b, ad(s)] = 0, so 
G[ba] d(z) + a8a[b, d(z)] = 0. 
From (2) the last term is 0, hence, 
$d(z) = 0 for I E R. (3) 
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Put z = b; then d(z) = 01 and 01~ = 0. Since 01 E 2 and is nilpotent in the 
semiprime ring R, we get 01 = 0, contrary to a # 0. The lemma is proved. 
We are now able to prove 
THEOREM 5. Let R be a semiprime, 2-torsion-free ring and let U be a Lie 
ideal of R. Suppose that V is an additive subgroup of R such that [V, U] C V. 
Then either [V, U] = (0) 07 there exists an ideal M of R such that 
(0) # [M, R] C V. In particular, in this second alternative, V contains a non- 
zero Lie ideal of R. 
Proof. Let A = [V, U]; clearly A C U and A C V and, moreover, 
[A, U] C A. By the Jacobi identity, [[A, A], R] C [A, [A, R]] C [A, U] CA. 
Let T = {x E R / [x, R] CA} since [A, U] C A we have [T, U] C T. More- 
over, T is a subring of R for if t, , t, E T, x E R then 
t&$ - xv2 = t&,x) - @2x) 4 + t,(4) - (q) t, 
so is in A, hence t, , t, E T. 
Let T,, be the subring of T generated by [A, A] (using words of length at 
least 1). Since [[A, A], U] C [A, A], we have [To, u] C T,, . Since T, is a 
subring of R and [T, , U] C T, , by Theorem 3 either [T,, , U] = (0) or T,, 
contains a nonzero ideal of R. 
If [T, , U] = (0), then since [A, A] C T, , we have [[A, A], U] = (0). 
If a E [A, A] C U, then for x E R, ax - xa E U so commutes with a. Hence, 
a E 2, that is, [A, A] C 2. By the previous lemma we get [A, v] = (0). 
However, A = [V, U]; so if v E A C U, vx - xv E U for all x E R, hence, 
v E 2, that is, A C Z. Given v E V, u E U then vu - uv E A C 2 so commutes 
with v. By Theorem 1, v centralizes U, that is [V, U] = (0), one of our 
desired conclusions. 
Suppose, on the other hand, that T, contains a nonzero ideal, M, of R. 
Since MC T,, C T, we have [M, R] C A C V. If [M, R] # (0), we have the 
other conclusion of the theorem. 
Suppose then that [M, R] = (0); hence, MC 2. If m E M, 7 E R, x ER, 
then mr E MC Z so mrx = xmr = mxr, hence m(rx - XT) = O.That is, 
M[R, R] = (0). But MC T,, , the subring generated by [A, A], so MT, = (0) 
follows from M[R, R] = (0). Thus, M2 C MT,, = (0); since R is semiprime 
we get M = (0), contrary to M # (0). This finishes the proof of the theorem. 
We conclude this paper with 
THEOREM 6. Let R be a semiprime, 2-torsion-free 7&g and suppose that V 
is an additive subgroup of R such that [V, v] C Vfor some higher commutator, 
U, of R. Then either V C Z or there is an ideal, M, of R such that 
(0) # [M RI C V. 
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Proof. Since U is a Lie ideal of R, by the previous theorem either 
[V,U]=(O)or VX[M,R]#(O)f or some ideal, M, of R. If [V, v] = (0) 
then, by Theorem 2, V C Z follows. 
A reasonable question might be: If [V, U] C V for some higher commuta- 
tor U, of R, R semiprime and 2-torsion-free, then is V itself a Lie ideal of R ? 
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